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Abstract

Some consequences of one-valuedness on the real phase space for certain analytic functions
over the complex phase space of a Hamiltonian system are demonstrated. The Bohr~
Sommerfeld quantisation conditions are reformulated as one-valuedness conditions for
these functions on the complex phase space.

1. Review of the Hamilton-Jacobi Theory and Action-Angle Variables
The Hamilton equations of motion for a dynamical system

oH | oH . ,
o; ai, o0, Diy i=1,...,n (1.1)
can be transformed (in principle at least) via a canonical transformation to a
set of dynamical variables (g;, p;) in terms of which the new Hamiltonian H'
is identically zero. The transformed variables are then constants of the motion
which may, for example, be taken as the 2n values of the old variables at some
fixed time. The transformation thus provides a solution of the initial value
problem for the system of equations (1.1).

Assuming the generating function S(g, p', £) of the canonical transformation
to be a function of the old coordinates, the new momenta and time, we have

as ! ] ’ ’ —_
H(g, p, t)+-a;(q,p,t)=11(q,p,t)=0 (1.2)
as '
=T 1.3
Pi aqi ( )
98
Qi-ap:. (14)

1 On leave of absence from Department of Physics, University of Khartoum, Sudan.
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Substituting the expression for p; given by equation (1.3) into equation (1.2),
one gets the Hamilton-Jacobi equation for S (Hamilton’s principal function)

as as
Hg, = 1|+ 2 =0 :
(q, 0q t) ot (1.5)

The transformed momenta p’, which are constants of the motion, may now
be identified with the n non-trivial constants of integration ¢; appearing in the
solution of equation (1.5). Notice that one of the n + 1 constants of integration
is trivial in the sense that it is purely additive and, therefore, the dynamical
variables do not depend on it. When H contains no explicit time dependence
one may separate S into a time-independent and a g-independent part, i.e.

S(qi,cin 1) = W(gs ¢;) — Et (1.6)
where

H (q,-, %) =F=H(p") a.7n

E'is a constant which may be taken as ¢; and expressed as a function of the
new momenta p’ (constant by construction). The canonical transformation
generated by W leaves H invariant. Notice that

qi 3p;~ i
oH
".z_——mzo
P o
so that
ai=nit + o (1.8)
=6

So far we have not specified the constants except that one of them has been
identified rather arbitrarily with the energy E. If one is dealing with vibration
or rotation coordinates g; of a separable system? one introduces new constants
J; as functions of the old ¢; in the following way:

J;' =¢ aW(CL Cly v vny cn) dq;‘ (1‘9)
9q;

+ The necessary and sufficient conditions of separability of the Hamilton-Jacobi
equation have been given by Levi-Civita (1904). They are

H aH 3%H 8H BH 3%H 8H aH 8%H  aH oH a%H

— — 4 =
3pk dps 0QkDGs  OPkdgsdqKIPs dqKOPsdPkIqs BqKk dqs OpKOPs
See also Max Jammer (1966).
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where the integration is over a complete cycle of vibration or rotation. The
constant momenta p; are now identified with the new constants J;. The new
coordinates 6; (corresponding to J;) are derived by expressing W(g, ¢y, . . ., Cp)
as W(q, J1, . . ., J,,) through equation (1.9) which determines c; as functions of
J; and partial differentiation

WG, iy T

8; 1.10
= (1.10)
From equations (1.7) and (1.8)
E=H(T;) (1.11)
. OH
Biza_Ji'=Vi(J1,...,Jn) (112)

6; have the interesting property that during a complete cycle of variation of
the coordinate g; the change in 6; is §;;. Since

A6 00; J 86 oW i
. = —— q. = — .
PJeq Y Jagen Y
d
=‘a—“,;¢pjdq]'=5ij (1.13)

Thus it follows from equations (1.12) and (1.13) that »; is the frequency asso-
ciated with the periodic motion of g; and one may write for the coordinate g;
the Fourier series

+o0
qi= 2 a, exp (2minv;) (g;: vibration coordinate)

n=—co0

+eo
gi—N= 2 apexp (2miny) (g;: rotation coordinate with period ;)
n=--00 '
(1.14)

We are now in a position to present the results of our investigation.

2. Conjecture and Corollaries

Theorem (conjecture). Suppose f(p, g) is an analytic function over the com-
plex phase space containing no explicit time dependence such that

(i) It is one-valued over the real phase space

) = 1,0 = 2mif(p, @) 1)
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Then

n
v= 2 nw;
i=1

where n; are integers and »; = 3H/8J;. We have not been able to prove this
theorem in spite of the intuitive feeling that it must be true. This will not deter
us from studying some of its consequences and checking them for specific
dynamical systems.

Definition. The modified Poisson bracket {H(p, q), A(p, 9)}pp() is defined
as follows. Express H(p, ¢) in terms of the actions J; as explained above,
Hp, q) = H(J4, . . ., J,). In this expression for H regard J; (i # /) as ordinary
numbers and write J; as a function of p, g through the integrated form of the
equations of motion. With this understanding in mind calculate the Poisson
bracket of H(p, q) with f(p, q) in the usual way. In terms of this definition we
may now state the corollary to the above theorem.

Corollary 1. Suppose f(p, q) is an analytic function over the complex phase
space with no explicit time dependence such that

(i) it is one-valued over the real phase space;
(ii) ¢ is a function of p, ¢ through its dependence on the Hamiltonian H,

ie. ¢(p, q) = ¢(H(p, q));

Then the function ¢ must be such that its derivative is given by
i
"INy =
¢ (H) 27TV]'I1

where 71 is an integer and

=5 A (2.3)

This is a straightforward consequence of the theorem. We first notice that
{$H@, 9)), fo, Pps = ¢ HYHP, 9), fp, D)lps
= &) 2 f.0) @4
Thus if f(p, g) is one-valued over the real phase space satisfying the equation
{oH(P, 9)), f©, D)}es = if (0, q)

we get from the above theorem

1 n
;T(f_]).— =2n igl vin; 2.5
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If we now use the modified Poisson bracket defined above, the termsi #
on the right-hand side of equation (2.5) drop out and the corollary follows.

Corollary 2. For a system with one degree of freedom, let f(p, g) be an
analytic function over the complex phase space with no explicit time depend-
ence such that

(i) it is one-valued over the real phase space;
(ii) ¢ is a function of p, ¢ through its dependence on the Hamiltonian H, i.e.

o, 9) = ¢(Hp, q))
(iii) {¥H P, ), f©, DYes=if 0, q)
Then

1
o) =5 Poe, 0y da +

where n is an integer, ¢ is an arbitrary constant, and p(E, q) is the explicit form
of the function p obtained by solving H(p, q) = E. This follows immediately
from Corollary 1.

Since

1 .1 dJ

)= =

can now be integrated to give

1
¢(H)-'2;r;=f+¢

J=§p(H,q)dq

In Sections 3 and 4 we shall check the validity of Corollary 2 for the non-
linear oscillator and the relativistic oscillator. In Section 5 we study the
hydrogen atom and verify Corollary 1.

3. Non-Linear Oscillator

As the first example illustrating Corollary 2 we shall take the non-linear
oscillator described by the Hamiltonian

H=5@p*+ ) +iN%  A>0 (3.1)

We must find the function ¢(H) such that the associated annihilation function
f(p, q) satisfying the equation

BHP, ), fo, Dl = if P, q) G2
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is one-valued over the real phase space (no branch cuts).t Once this is ensured,
it follows from the foregoing argument that

1
= P(E)= %gﬁp(lzﬂ q)dq +c, m integer (3.3)

Thus the Bohr-Sommerfeld quantisation condition for the system is equivalent
to
OEy)=nki +c, n integer 6.4

To facilitate the determination of ¢ we write equation (3.2) as

NN CAY
9'(H) (8p 2 4 Bp) if (3.52)
i.e.
, 0 9 .
# D) {p T @) 5{;} =if (3.5b)
Define
E=3(-p* + ') +iN* (3.6)
Then equation (3.5b) may be rewritten as
an (@) i1 M2 N T
1c) (as)H"zf\/(H— o [(1 = (£+H)) -1
2 -1/2
x (1 e (& +H)) (3.7
Thus, on integration of (3.7) we have
, I D N N
o e 1086 1) = | a7 ¥ [w4 C +H)} a
+ arbitrary function of H (3.8)
where
Yix) = —\\% (1 +x)7 P +x) - 1]
=1~«%x+—132%x2—125371—x3+... (3.9)

+ When f is one-valued everywhere over the complex phase space and not just over the
real phase space, then the Bohr-Sommerfeld quantisation is equivalent to the usual quan-
tisation.
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This series expansion for ¢ is, however, unnecessary for the following argu-
ment. Only the formal existence of such a series is all that is needed. Now,

Banl 20
+(Z§g)2i¢"(?—’jy)+... (3.10)
w 2! w

so that on the right-hand side of (3.8) we have to deal with integrals of the
form

gn
I,= j 4
ve-m®
Iy = H 4 g )

i)

H
= V(& - H?) (3.11)
Collecting the terms on the right-hand side of (3.8) with the factor

| (zn/(zhH?))
Og "““——"—‘”'—‘H

=10

arising from integrating the even terms £2P/~/(§% —

H?) in the expansion (3.10),
we get

f\/(é2 H?) [ 4 (E +H):l dE
2A 2 2\
[ (G (o ot (G G o5
+ ..]10+R (3.12)

where R consists of the remaining terms not containing the multiplicative factor

I,. Notice that
( A )1/2
1+—g¢q +ip
I, - 20?

olo ot (3.13)
(1+2 2q) —ip




80 IRSHADULLAH KHAN

Comparing equations (3.8) and (3.12) we observe that the one-valuedness
of f (analytic) over the real phase space leads to the condition

Y N 0 0
mw¢(m=i{¢(;zﬂ)+(w4ﬁ) 2,7‘1’( )*(w4H) a1
x 33yl (% H) +.. .], m integer (3.14)

Now the right-hand side of equation (3.14) can be expressed in a closed

form, viz.
/2

1 2 2A
Right-hand side of equation (3.14) = p f [ ¥ ( A H) Yl ( H)
0

x cos2 ¢ (%H) +.. ] do

1 J‘ v [%H(l +cos 0)] de (3.15)
w 3 w

so that
m
1 2NE
qu(E) —7 f ] ['E— (1 +cos 3)] das (3.16)
0
Let
2\E 2\E
R + 6 = e
x o (1 +cos8), a o

2a

) = Oj Y220 - ) d

o f (1 X)L+ 1172 (a =) V2 d

1
[ —— | 2E — 2,2 __

A o) 3.17)
d .
Py q q (

ie.
1 2,2 A 4 112d
= 2E - — +
¢m(E) 2nm96 wq 54 qtc

=ﬁ-m~¢p(E, q)dg +c (3.18)
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Thus we have shown explicitly that function ¢(H) determined from the re-
quirement of one-valuedness of f(p, q) over the real phase space is indeed such

that
m(Ey) = k#i +c

is equivalent to the Bohr-Sommerfeld quantisation.

4. Relativistic Oscillator

We define the relativistic oscillator as a particle whose equation of motion is
miy + W {(xy — yu) . X~y Ay =0
Ju=0 “.1)

where x”'is the four-vector specifying the particle in space time, and y,, is a
four-vector which may be interpreted as the position (four) vector of the centre
of force and the dots denote differentiations with respect to proper time. The
presence of the term w?(x . X — y . x)x,, in the equations of motion ensures
that the constraint X, X, = —1 (which implies x,%, = 0) is consistent with the
equations.

Suppose, now, that x, = (0, 0, g, £), y, = (0, 0, 0, 7), then the two non-trivial
equations which follow from (4.1) are identical and the dynamical system is
described by the single equation

d’q dg \?
Hrot {1 (df) }q 0 4.2)

[Notice that we have taken the velocity of light = 1.]

Equation (4.2} is our starting point. It can be shown that equation (4.2) is
the Euler-Lagrange equation following from the variation of the action ﬂz L dt,
where

/
L =m exp (—w?q%/2) [5 sin™! (ZZ) + (1 - (%)2)1 2} -m (4.3)

Thus

/
2 morgesp oy Lo (%) (1 (%))

et el

dt

=m exp (—w2q?/2)

dq L dq dq 2\-1/2 d2
PR I GESREY 4 I )
x{ w?q o sin ( dt) (l (dt) dt2 (4.4)
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so that

a [ oL\ oL

ar | (da) | 3
dr
coincides with equation (4.2). In order that p, L may be one-valued functions

of g, dg/dt, we interpret sin™ x as that value which lies in the closed interval
[—7/2, #/2]. With this restriction (d/dx)(sin™* x) = + 1/4/(1 —x?).

The Hamiltonian A is given by

d
H=p ZZg — L = —m exp (—w?q*/2) cos (;% exp (w2q2/2)) +m
2 2 4
P o122 11,424 220 1P
=2y - ot r 2B s
om0 2;(ﬁan T, 6m3> (*-5)

Notice the interesting feature 0 < H <m. When dg/dt = 0,p =0 and H=0. As
dg/dt - £1,p ~ tmn[2 exp (—w?q?/2) and H~>m.
To apply the method, we write

e B 1o JCRR AT
0D, 0. 2%, , =D [sm( c )aq

— wg {m exp (~w?q?/2) cos (Mp cxp (’:Zqzlz))
+psin (&%ﬁ%ﬁﬁ@)} %] - if (4.6)

We must determine ¢ so that f'is one-valued on the real phase space.
Let us introduce the variables £ and 7,

2,2
exp (wW*q*[2)
pexp ( )“1‘%612

1
:...._1
f=—5 ogcos(

2.2 2
n= z—i-z— log cos (!ﬂ%ﬂ_’]_}) — 347 “.7
Then
H=m(l — exp (0°n)) (4.8)

so that ¢(H) may be regarded as a function of n{¢:(n))
o(HM)) = ¢1(n) 4.9)
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Equation (4.6) can now be written as

Ho)(m) g—’; = - 1) Volexp [P+ )] - D2 (4.10)
ie.

= exp (M) o =5 e VI @)

fee 2VE-m
where

V)= V. (€ — 1)

=1 —dxtdex?+...

Using the induction formulae (3.11) and collecting the terms with the multi-
plicative factor

log (E + V(g - nz))

n

separately from the rest (as in Section 3) we have

| G Vit e {w( tay + 220 o)

3 3 1 (w 77) W(IV)( 7?)"‘ }

42 41
+ 2,2
log (—E-—‘L(%—-———’?—)) +R 4.12)
1 ( p exp (wzqz/z)) V2
- {log cos —/m™——= ——yq
EYVE -7 _© V2
n 11 2,2/3\\1/2
- (Iog cos L0 4 1) Cir' /2)) + L q
w m V2
4 .
wq i - + higher powers
= 4.13)

wqg — i% + higher powers
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The expression in { } on the right-hand side of equation (4.12) can be written
as the closed form

"

1 j Y[w?n(1 +cos 0)]do = R vn J (exp [w?n(1 +cos )] — 1)
i T

(1 + cos 6)'/2 d8. 4.14)

Integrating (3.11) we get

1 , 1 4
— ——exp (~wn)u(n) log = £ v | (exp [en(i +cos 6)] — 1y
e K 8
. 2 2
.(1+cos )2 48 . log (E—L\—/Ls—:—n—l

.exp [S(E, )] ) (4.15)

Bearing in mind the ‘rational expansion’ (4.13), we see from equation (4,15)
that fis one-valued over the real phase space provided the coefficient of the
logarithm on the right-hand side is equal to an integral multiple (taken as unity
in the following) of that on the left-hand side, i.e.

2 7I’
$in) == 7> v exp (@) [ (exp [ePn(1 +cos 0)] - 1
[

.(1 +cos 0)2 do 4.16)

85)= 0, (;—j; tog (1 -g))

@ =5 (L 1o (1~ E)) L _1
¢(E)_¢1(wzlog(1_’m))'w2E_m

Now,

so that

" ) |
_E 1+cos 6 )-1/2
| {1 ~("~’——) } (1+cos8)Pds  (4.17)
S m
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Changing the integration variable occurring in the integral on the right-hand
side of equation (4.17) by means of the transformation

2 2
cosf=1~— _wa
Io m
80 that
1 m 12
i 1+ 1/2 -
w[log(m "_E)} (1 +cos 6)/2 do = 4dq
we get
qmax -
_ 1 ( )2 1/2
$E)=5- J (1—— — exp(wq)) dq
Hence
1 - F
HE) = o Sﬁm exp (—w?q?/2) cos™ {(m )exp (w2q2/2)} dq
———1——cﬁ (E, q) d | (4.18)
o P\L, q) aq .

5. The Hydrogen Atom

The Hamiltonian is

sz P2 e?
H= PrP+— | —— 5.1
Zm( 2 Psin?e r 1)

corresponding to the Hamilton-Jacobi equation for the system
1 {{awV 1 [aw)? 1 W e?
EF=—|l—1| +=5|—1 + - ——
2m [(ar ) r (69 ) 7% sin? 8 \ 9y r (5.2)
As is well known, the characteristic function W is separable and the two non-

trivial constants of integration arising in the solution of W can be eliminated
in favour of the action ‘variables’

Jv,—gf)%@d =2nP,

1/2
Jo=§§§?—¥(§—dgde 2n {(P +—1’£—) -—PV,} (5.3)

sin® §

where W(r, 8, ¢) = W(r) + W(B) + W(p).



86 IRSHADULLAH KHAN

Finally, introducing the action variable J,

aW()
Jy =¢ N dr 5.4)
and using the equation for W(r)
WM\ (Jg+J,)? e*
+ o — =
( or ) prc b C (5-5)
one may express the energy as a function of J,, Jg, J,, through the equation
92 ( J@ +J )2 i/2
Jo=Q{2m|E+— |- =2 .
’ Cﬁ{ ( r 4n*p? dr (5.6)
Explicitly,
2n°me*
FE = ———ee 5.7
(J T J, gt J q})2 ( )

The system is two-fold degenerate. The frequencies v,, vg, v, are equal to

3 oF oE [ 2 |
—_— = = - /
PTon, ol o, (nzme4) (—E)*"* (5.8)
(i) Let
{9:Hp, @), flo.B.(n = if (5.9)

Now the modified Poisson bracket may be written as an ordinary Poisson
bracket

{9.(H), fIp.3. O~ {9:H,), fIp.3. (5.102)
where
_ 1 (p2 Yotl)| €
H,= o (P,? + o )- . (5.10b)

Jo, J, are to be regarded as ordinary numbers (rather than dynamical variables)
when calculating the Poisson bracket on the right-hand side of equation (5.10a).
Define

1{ ,.C Jo +Jp)
I + - =”._.*__£.’_.
£ (pr - ) where C an

n=H, (.11
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Then equation (5.10a) may be written as

’ 1of * 2 4
O £ 55 =G =7 1CE— 107 = 2me®(E — ) — 2metn] 2
- Commyomet L[ L
(=2mn) %me G 1 7 E—n)
€ 3 Ve
+(4mne4+8??2)(z " +} -

On integration of (5.12) one can see that we are assured of f being one-valued
over the (real) phase space provided the coefficient of the logarithmic singu-
larity on the right-hand side is an integral multiple of that on the right-hand
side, i.e.

neun) = (—2mn) "2 m?e? (5.13)
Thus it is readily observed on comparison with equation (5.8) that

1

OHE)=— g (5.14)
(ii) Now, suppose
{66(Hp, 9)), fYr.B.0) = if (5.15)
As explained above, we write
{9o(H), fIp.B.¢0) = {96(Hp), flp.B.
where
J,? 12} -2
Hp = —21me* [J, +2n (P(,Z + m) ] (5.16)
Define
n=%(P92+ Czl ) where Cﬁﬂé’i
sin? § 47
£=cotd, .17
so that
H=—3me*[C, + /(2] Cp= e (5.18)

27
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Then equation (5.15) may be written as

) s 1of -1/2
po(H)H (n)"f@* (Y

1
2 2n
(52-:-1)(5 +1~—C2)

(5.19)

Integration of equation (5.19) then gives

9y 1/2 n 1/2
Pr1-=) +&l—
(2 Cz) : G,

N
(é’ +1 Cz) . c,

+ arbitrary function of 7. (5.20)
Thus the requirement of one-valuedness of f over the real phase space gives
the condition

OoEDH (r) log =~y Tog

/ y 1
n n)=—r—— 5.21
SHEDH ) =7 (5:21)
Now, from equation (5.18)
1
Yoy = (L 3/2 ]
H'(n) = (—2mH) R Jon) (5.22)
so that from equations (5.21), (5.22) and (5.8)
1 1 2.2 ~3f2 1
5= - = 5.23
Bo(E) = - m*e(-2mH) e = (5:23)
(iif) Finally, suppose
{8 Hp, D). .80 = Iif (5.24)
where
{9, flp.B.(p) = {9,(Hy), [lp.B. (5.25)
H,=—2n*me*[J, + Jg + 2nP,] (5.26)
Thus
oH,
— o 3/2 5.27
P, (=2mH,) m?e* . (5:27)
and equation (5.24) may be written as
L af —_
SAH,) . (—2mH )" o if (5.28)
The one-valuedness condition is, therefore,
1 1
S(H,p) = (—2mH)Pm?e? — = (5.29)

n R.2mv,
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6. Concluding Remarks

The original motivation for this investigation arose from a study of the logi-
cal gaps in the transition from classical to quantum mechanics. Historically,
the Bohr-Sommerfeld quantisation rules of the old quantum theory have
played a very crucial role in the development of quantum mechanics. Through
the application of the Bohr correspondence principle at the level of canonical
coordinates and momenta, Born & Jordan (1925) derived the well-known
commutation relations from these rules. It is, however, well known that the
Bohr-Sommerfeld quantisation rules are unambiguous only when formulated
in terms of dynamical variables which make the Hamilton~Jacobi equation
separable (if such variables exist). Thus the *derivation’ of the commutation
relations is incomplete. In the subsequent development of the subject this cir-
cumstance tended to be ignored. Rather, the emphasis was shifted to the
treatment of non-periodic motions and the consequent development in the
interpretation of dynamical variables as operators on a Hilbert space, originated
by Born & Wiener (1925-26). Thus the straightforward generalisation of these
commutation relations to the usual equal-time commutation relations for an
interacting field involves a big logical gap. An interacting field cannot in
general be regarded as the limiting case of a (Hamilton-Jacobi) separable
system. In view of these considerations a revival of interest in the Bohr-
Sommerfeld quantisation rules is worthwhile. Also, one must bear in mind
that the derivation of the commutation relations for p’s and ¢’s is one special
instance of the application of Bohr’s general philosophy embodied in the
correspondence principle. If one would introduce the correspondence prin-
ciple at a level more directly accessible to experiment (e.g. for currents) one
may thereby introduce a lot of formal simplicity into the theory.
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